Abstract. The notion of Rickart modules was defined recently. It has been shown that a direct sum of Rickart modules is not a Rickart module, in general. In this paper we investigate the question: When are the direct sums of Rickart modules, also Rickart? We show that if Mi is Mj-injective for all i < j
Introduction
It is well-known that Baer rings and Rickart (or p.p.) rings play an important role in providing a rich supply of idempotents and hence in the structure theory for rings. A number of research papers have been devoted to the study of Baer, quasi-Baer, and Rickart rings (see e.g., [1] , [2] , [3] , [4] , [5] , [6] , [7] , [10] , [11] , [14] , [15] ). A ring R is called Baer (respectively, right Rickart) if the right annihilator of any nonempty subset (respectively, any single element) of R is generated by an idempotent, as a right ideal of R. The notion of Baer rings was generalized to a module theoretic version and studied in recent years, by considering a right R-module M as an S-R bimodule, where S = End R (M ) (see, [20] , [21] , [22] ). A right R-module M is said to be Baer if the right annihilator in M of any nonempty subset of S is a direct summand of M (Definition 2.2, [20] ). Recently, we introduced the notion of Rickart modules in [18] motivated by a need to put the notion of right Rickart rings in a general module theoretic setting and by the question: If R is a right Rickart ring and e 2 = e ∈ R, what 'kind' of Rickart property will the right R-module eR have? A right R-module M is said to be Rickart if the right annihilator in M of any single element of S is a direct summand of M . It is clear that if R is right Rickart then R R is a Rickart module, and that every Baer module is Rickart while the converse is not true. Thus, every nonsingular injective (or extending) module is Rickart. Further, every projective right R-module over a right hereditary ring R is also a Rickart module. More explicitly, the free Z-module Z (I) is Rickart for any index set ∅ = I, but Z (I) is not a Baer Z-module if I is uncountable (e.g. Z (R) ). Hence the notion of Rickart modules not only puts that of the right Rickart rings in a module theoretic setting but also properly generalizes the notion of Baer modules.
It is of natural interest to investigate whether or not an algebraic notion for modules is inherited by direct summands and direct sums. While it was shown in [18] that every direct summand of a Rickart module is always Rickart (and hence for e 2 = e ∈ R, eR is a Rickart R-module for any right Rickart ring R), the following examples show that in general, the direct sum of Rickart modules is not a Rickart module, even in the case when the direct sum consists of copies of the same Rickart module. Example 1.1. Denote Z p := Z/pZ where p is a prime number in N. Then it is easy to see that Z and Z p are both Rickart Z-modules. However, the Z-module M = Z ⊕ Z p is not Rickart: Consider the endomorphism ϕ ∈ End R (M ) defined by ϕ : (m, n) → (0, m), then Kerϕ = pZ ⊕ Z p ≤ ess M is not a direct summand of M . These examples raise the question: When is the direct sum of Rickart modules, also Rickart? Our investigations in this paper are motivated by this question. We explore conditions needed for a direct sum of Rickart modules to be Rickart and provide a number of examples which delimit and illustrate our results.
After preliminary notations, definitions and results in Section 1, our focus is on the question of when is the direct sum of two or more Rickart modules also Rickart. We utilize the relative Rickart property introduced in Definition 1.3 of [22] to show that if there exists an ordering I = {1, 2, · · · , n} for a class of R-modules {M i } i∈I such that M i is M j -injective for all i < j ∈ I and if M i is M j -Rickart for all i, j ∈ I, then n i=1 M i is a Rickart module. Among applications, we show that if M is a nonsingular extending module, then E(M ) ⊕ M is always a Baer module, and hence a Rickart module. Furthermore, we introduce the notion of 'the relative C 2 property' and use it to prove that if M i is M j -Rickart and M i is M j -C 2 for all 1 ≤ i, j ≤ n then n i=1 M i is a Rickart module. As a consequence, we obtain that a finite direct sum of copies of any Rickart module with C 2 condition, is always a Rickart module. This is in contrast to Example 1.3 (where M does not satisfy C 2 condition). The endomorphism ring of an indecomposable Rickart module with C 2 condition is shown to be precisely a division ring.
As noticed in Example 1.3, a finite direct sum of copies of a Rickart module may not be Rickart. This motivates our focus in Section 3 to the special case of finitely generated free modules. We obtain a number of results when certain classes of finitely generated free modules are Rickart. Included among these, are characterizations of some well-known classes of rings R, in terms of finitely generated free Rickart R-modules. We show that the class of rings R for which every finitely generated free R-module is Rickart, is precisely that of right semihereditary rings.
As an application, we show that a commutative domain R is Prüfer if and only if the free R-module R (2) is Rickart. It is shown that every n-generated projective right R-module is a Rickart module iff Mat n (R) is a right Rickart ring iff R is a right n-hereditary ring. We include an example of a module M such that M (2) is a Rickart module while M (3) is not so. Furthermore, we obtain a characterization of von Neumann regular rings in terms of Rickart modules. It is also shown that the class of rings R for which every finitely cogenerated right R-module is Rickart, is exactly that of right V -rings.
Throughout this paper, R is a ring with unity and M is a unital right R-module. For a right R-module M , S = End R (M ) will denote the endomorphism ring of M ; thus M can be viewed as a left S-right R-bimodule. For ϕ ∈ S, Kerϕ and Imϕ stand for the kernel and the image of ϕ, respectively. The notations N ⊆ M , N ≤ M , N ≤ ess M , N M , or N ≤ ⊕ M mean that N is a subset, a submodule, an essential submodule, a fully invariant submodule, or a direct summand of M , respectively. M (n) denotes the direct sum of n copies of M and Mat n (R) denotes an n × n matrix ring over R. By R, Q, Z and N we denote the set of real, rational, integer and natural numbers, respectively. E(M ) denotes the injective hull of M and Z n denotes Z/nZ.
We also denote r M (I) = {m ∈ M | Im = 0}, r S (I) = {ϕ ∈ S | Iϕ = 0} for
We begin with the definition and some properties of Rickart modules from [18] . Definition 1.4. Let M be a right R-module and let S = End R (M ). Then M is said to be a Rickart module if the right annihilator in M of any single element of S is a direct summand of M . Equivalently, ∀ϕ ∈ S, r M (ϕ) = Kerϕ = eM for some e 2 = e ∈ S.
It is well-known that a right Rickart ring is not always left Rickart. A module M for which l S (m) = Se, ∃e 2 = e ∈ S = End R (M ) for all m ∈ M , is a module theoretic analogue of a left Rickart ring. This notion will be studied in a sequel.
Recall that a module M is said to be retractable if, for every 0 = N ≤ M , ∃0 = ϕ ∈ End R (M ) with ϕM ≤ N , i.e., Hom(M, N ) = 0 for any 0 = N ≤ M . Examples include free modules, generators and semisimple modules. (i) Every direct summand of a Rickart module is a Rickart module (Theorem 2.7, [18] ). (ii) The endomorphism ring of a Rickart module M is a right Rickart ring. The converse holds if M is retractable (Proposition 3.5, [18] ). Proposition 1.6. (Corollary 5.3, [18] ) The endomorphism ring of a free module F R is a right Rickart ring if and only if F R is a Rickart module. 2.13, [18] ) Every Rickart module is K-nonsingular.
Recall that a module M is said to be extending (or with Recall that a module M is said to have 
direct sums of Rickart modules
In this section, we focus on when are direct sums of two or more Rickart modules also Rickart. We first obtain a result on the relative Rickart property and show that for each i ∈ I = {1, 2, · · · , n}, M i is j∈I M j -Rickart if and only if M i is M jRickart for all j ∈ I (Corollary 2.10). Then we use it to prove that if there exists an ordering I = {1, 2, · · · , n} for a class of R-modules
for all i, j ∈ I (Corollary 2.13). As an application of Corollary 2.13, we show that if M is a nonsingular extending module then E(M ) ⊕ M is a (Baer, hence) Rickart module (Theorem 2.16). Another consequence yields that if M is a nonsingular finitely Σ-extending module then M and E(M ) are finitely Σ-Baer modules, and
We also obtain a characterization for an arbitrary direct sum of Rickart modules to be Rickart, provided that each module is fully invariant in the direct sum (Proposition 2.34). It is shown that M is an indecomposable Rickart module with C 2 condition iff End R (M ) is a division ring (Proposition 2.36).
Our next result extends Example 1.1 to arbitrary modules and motivates our study. 
It is easy to see that M and M/N are Baer modules (see [20] 
In view of the above definition, a right R-module M is Rickart iff M is M -Rickart.
Example 2.4. Let M be a semisimple R-module. Then M is N -Rickart for any right R-module N . So, the simple Z-module Z p is Z-Rickart, but Z is not Z p -Rickart even though Z and Z p are Rickart Z-modules (where p is a prime number in N).
Example 2.5. Z 4 is Z 3 -Rickart because there is no nonzero homomorphism from Z 4 to Z 3 , but Z 4 is not a Rickart Z-module (see Example 2.6, [18] ).
Our next characterization extends Theorem 1.5(i) and generalizes Proposition 2.25 (b) in [18] . Theorem 2.6. Let M and N be right R-modules. Then M is N -Rickart if and only if for any direct summand M ≤ ⊕ M and any submodule N ≤ N , M is N -Rickart.
Thus M is N -Rickart. The converse follows easily. Definition 2.7. A module M is said to have the summand intersection property (SIP) if the intersection of any two direct summands is a direct summand of M . M is said to have the strong summand intersection property (SSIP) if the intersection of any family of direct summands is a direct summand of M . M is said to have the summand sum property (SSP) if the sum of any two direct summands is a direct summand of M .
Remark 2.8. Every Rickart module has the SIP (Proposition 2.17, [18] ).
From Theorem 2.6, if i∈I M i is a Rickart module then M i is M j -Rickart for all i, j ∈ I. Our next results on relatively Rickart modules, will be useful in this study on direct sums. Proposition 2.9. Let {M i } i∈I and N be right R-modules. Then the following implications hold:
for all i ∈ I, I is an arbitrary index set. (iii) If N has the SSIP, then N is i∈I M i -Rickart if and only if N is M i -Rickart for all i ∈ I, I is an arbitrary index set.
Proof. For the proof of (i), suppose N is i∈I M i -Rickart where
Ker(π i ϕ) ≤ ⊕ N as Ker(π i ϕ) ≤ ⊕ N and N has the SIP. The proofs of (ii) and (iii) are similar.
Proof. The proof follows from Remark 2.8 and Proposition 2.9(i).
In the next result, we present conditions under which
Theorem 2.12. Assume that there exists an ordering I = {1, 2, · · · , n} for a class of R-modules
Proof. The necessity follows from Theorem 2.6. Conversely, suppose M i is N -Rickart for all i ∈ I and M i is M j -injective for all i < j ∈ I, I = {1, 2, · · · , n}. We will prove that
Example 2.11 also exhibits that the one-sided relative injective condition in Theorem 2.12 is not superfluous (M 1 is not M 2 -injective in that example).
Corollary 2.13. Assume that there exists an ordering I = {1, 2, · · · , n} for a class of R-modules
Proof. The necessity follows from Theorem 2.6. Conversely, suppose
As an application of the techniques used in Theorem 2.12 and Corollary 2.13, we can improve and extend Theorem 3.19 of [22] as follows: Proposition 2.14. Assume that there exists an ordering I = {1, 2, · · · , n} for a class of Baer R-modules
Proof. The necessity follows from Theorem 2.6 because every Baer module is Rickart (see also Proposition 1.10, [22] ). Conversely, by Corollary 2.13 M = n i=1 M i is a Rickart module. Using the arguments in the proof of Theorem 3.19 in [22] , we obtain that M has SSIP. Thus, M is a Baer module.
For dual Baer results, see [23] .
The next example shows an application of Corollary 2.13. Proof. Suppose M is a nonsingular extending module. By Theorem 1.9 M is Baer (hence, Rickart). Note that the injective hull E(M ) of a nonsingular module M is an injective Baer module.
Remark 2.17. In the hypothesis of Theorem 2.16, it suffices to have that E(M ) be K-nonsingular instead of M to be nonsingular. Since the K-nonsingularity of E(M ) is inherited by M (see Proposition 2.18, [21] ), the hypothesis of Theorem 2.16 can be improved to "if M is extending and
Next example shows that the extending condition in Theorem 2.16 is not superfluous.
Then the ring A is commutative, von Neumann regular, and Baer. Consider R = {(a n ) ∞ n=1 ∈ A | a n is eventually constant}, a subring of A. Then R is a von Neumann regular ring which is not a Baer ring (see Example 7.54, [17] ). Note that M = R R is not extending, but is a nonsingular Rickart module. On the other hand, the injective hull, E(M ) = A, is an injective Rickart R-module. In this case, Then M is not nonsingular but is K-nonsingular extending. However, Example 2.23. Consider M = Z (n) as a right Z-module for any n ∈ N. Then M is a nonsingular extending Z-module and E(M ) = Q (n) . Thus, from Theorem 2.16,
We remark that Z is a nonsingular finitely Σ-extending Z-module. Note that for any n ∈ N, Z (n) is an extending and Baer Z-module, Z (N) is a Baer but not an extending Z-module (Page 56, [9] ), and Z (R) is a Rickart but neither a Baer nor an extending Z-module (Remark 2.29, [18] ). Proof. Let X be any submodule of N such that
The converse follows easily.
Note that if i∈I M i is continuous then M i is M j -C 2 for all i, j ∈ I by Proposition 2.26. Further, M i is M j -injective for i = j ∈ I (see Theorem 2.13, [19] ). This motivates the question: Does the condition "M i is M j -injective" imply that"M i is M j -C 2 "? We answer this in the affirmative in the next result.
The next example shows that the converse of Proposition 2.27 is not true, in general.
Example 2.28. Consider Q ⊕ Z 2 as a right Z-module. Since End Z (Q ⊕ Z 2 ) is a von Neumann regular ring, Q ⊕ Z 2 has C 2 condition by Theorem 1.10. So, by Proposition 2.26, Z 2 is Q-C 2 . However, Z 2 is not Q-injective.
We now provide another instance when
Theorem 2.29. Let {M i } i∈I be a class of right R-modules where I = {1, 2, · · · , n}. Assume that M i is M j -C 2 for all i, j ∈ I. Then n i=1 M i is a Rickart module if and only if M i is M j -Rickart for all i, j ∈ I.
Proof. The necessity follows from Theorem 2.6. Conversely, let M = n i=1 M i . Then S = End R (M ) is an n × n matrix ring with elements from Hom R (M j , M i ). Thus, e i Se j = Hom R (M j , M i ) where e i is the idempotent with 1 in the (i, i)-position and 0 elsewhere for each i, j ∈ I.
Let ϕ ∈ Hom R (M j , M i ) be arbitrary for i, j ∈ I.
Thus S is a von Neumann regular ring (see Lemma 1.6, [13] ). Therefore M is a Rickart module by Theorem 1.10.
In the next example, we show that the relative C 2 condition in Theorem 2.29 and the one-sided relative injective condition in Corollary 2.13 are not superfluous. Proof. The necessity follows from Theorem 2.6 and the definition of a Rickart module. Conversely, let ϕ = (ϕ 1 , ϕ 2 ) be any endomorphism from
Next, define ψ ∈ S such that ψ = ϕ on M 1 ⊕ M 2 and ψ = e on Kerϕ 1 . Note that Kerψ = K ≤ ⊕ M as K ∩ M 1 = 0 and hypothesis. Thus, Kerϕ ≤ ⊕ M .
We remark that in Example 1.3 while Proof. The necessity follows from Theorem 1.5(i). Conversely, let M = j∈I M j and S = End R (M ). Let ϕ = (ϕ ij ) ∈ S be arbitrary where ϕ ij ∈ Hom R (M j , M i ). Since M i M for all i ∈ I, Kerϕ = i∈I Kerϕ ii ≤ ⊕ i∈I M i = M because ϕ ii ∈ End R (M i ) and M i is a Rickart module for all i ∈ I. Proposition 2.35. Let {M i } i∈I be a class of right R-modules where M i is M jRickart for all i, j ∈ I, I = {1, 2, · · · , n}. Let
, and p 2 be the natural projections of i∈I M i onto, respectively, M j , M j , N 1 , and N 2 where M j = i =j∈I M i for j ∈ I. Fix j ∈ I and consider the maps
Note that in Proposition 2.35, if {M i } i∈I is a class of indecomposable modules where Corollary 4.16, [18] ).
We conclude this section with a couple of results for indecomposable Rickart modules. Recall that a subset A of a ring R is called left T-nilpotent if, for any sequence of elements {a 1 , a 2 , a 3 , · · · } ⊆ A, there exists an integer n ≥ 1 such that a 1 a 2 · · · a n = 0. Proposition 2.37. Let M be a Rickart module and S = End R (M ). If End R (M ) is left T-nilpotent then M is a finite direct sum of indecomposable Rickart modules.
Proof. Assume that M is not indecomposable. Then there exists 0 = ϕ 1 ∈ S = End R (M ) such that Kerϕ 1 = 0 by Proposition 4.9 in [18] . Since M is Rickart there exists a direct summand N 1 = e 1 M of M such that Kerϕ 1 ⊕ N 1 = M and 0 = e 2 1 = e 1 ∈ S. N 1 is Rickart being a direct summand of M . Next, if N 1 is not indecomposable then there exists 0 = ϕ 2 ∈ End R (N 1 ) and N 2 = e 2 M such that Kerϕ 2 = 0, Kerϕ 2 ⊕ N 2 = N 1 and 0 = e 2 2 = e 2 ∈ S again by Proposition 4.9 in [18] . Continuing in this way, if N n is not indecomposable we have 0 = ϕ n+1 ∈ End R (N n ) and N n+1 = e n+1 M such that Kerϕ n+1 = 0, Kerϕ n+1 ⊕ N n+1 = N n and 0 = e 2 n+1 = e n+1 ∈ S. Thus, there exists an infinite set {e 1 , e 2 , e 3 , · · · } ⊆ S such that e 1 e 2 · · · e n e n+1 = 0. This contradicts that S is left T-nilpotent. Thus, there exists k ∈ N such that N k is indecomposable. Following similar steps, M is a finite direct sum of indecomposable Rickart modules because S is left T-nilpotent.
Free Rickart modules
Our focus, in this section, is on the question: When are certain classes of free Rmodules over a ring R Rickart? We obtain characterizations of well-known classes of rings, in terms of certain classes of free Rickart modules over them. We show that the class of rings for which every finitely generated free module is Rickart, is precisely that of right semihereditary rings (Theorem 3.6). As an application of this, we prove that a commutative domain R is Prüfer iff the free R-module R (2) is Rickart (Corollary 3.7) . The class of rings R for which every n-generated projective right R-module is Rickart, is characterized as that of right n-hereditary rings (Proposition 3.13). We exhibit an example of a module M such that M (n) is a Rickart module while M (n+1) is not so, for any n ∈ N. It is shown that the class of rings for which every finitely generated free module is Rickart with C 3 condition, is exactly that of von Neumann regular rings (Theorem 3.18) . As an application, we provide an alternate proof of a characterization of right hereditary rings obtained by L. Small (Proposition 3.22) . Further we characterize the class of rings for which every finitely cogenerated module is Rickart, as precisely that of right V -rings (Theorem 3.25).
To obtain our first main result of this section (Theorem 3.6), we begin with the following well-known result of L. Small. We extend Theorem 3.1 to a module theoretic setting. This result will also be used later. Proof. Note that End R (M (n) ) ∼ = End S (S (n) ) as rings. Suppose M (n) is a Rickart module for all n ∈ N. By Theorem 1.5(ii) End R (M (n) ) ∼ = Mat n (S) is a right Rickart ring for all n ∈ N. By Theorem 3.1, S is a right semihereditary ring. Conversely, let M be a retractable module and M (n) be a finite direct sum of copies of M for any n ∈ N. Since S is a right semihereditary ring, End R (M (n) ) is a right Rickart ring. Thus, by Theorem 1.5(ii) M (n) is a Rickart module because M (n) is retractable as M is so.
In particular, the converse in Proposition 3.2 holds when M is a direct sum of cyclic R-modules or M is a free R-module, as in each case M is retractable.
The next example illustrates the necessary direction in Proposition 3.2. [17] ).
The following example shows that the condition "M is a retractable module" in the hypothesis of the converse in Proposition 3.2, is not superfluous.
Example 3.4. Consider M = Z p ∞ as a right Z-module. Then it is well-known that M is not retractable. Note that End Z (M ) is the ring of p-adic integers which is a Dedekind domain and hence is a (semi)hereditary ring. However, M = Z p ∞ is not a Rickart Z-module, (and neither are direct sums of copies of M ).
Recall an earlier characterization we provided in [18] . Theorem 3.5. (Theorem 2.27, [18] ) Every free (projective) right R-module is a Rickart module iff R is a right hereditary ring.
It has been open until now to obtain a characterization of rings for which every finitely generated free module is Rickart. In the next theorem, we provide such a characterization. We obtain our result by effectively dropping the 'left Π-coherent' condition from Theorem 3.5 in [22] : A ring R is right semihereditary and left Π-coherent iff every finitely generated free (projective) right R-module is a Baer module.
Theorem 3.6. The following conditions are equivalent for a ring R:
(a) every finitely generated free (projective) right R-module is a Rickart module; (b) Mat n (R) is a right Rickart ring for all n ∈ N; (c) every finite direct sum of copies of 
, which is a Rickart module by (c) .
(a)⇒(e) Let M = R (n) be any finitely generated free R-module for n ∈ N and let ϕ ∈ Hom R (M, R) be arbitrary. Then we can view ϕ as an endomorphism of M , hence Kerϕ ≤ ⊕ M . Thus, Imϕ is a projective R-module. Since every finitely generated right ideal of R is homomorphic image of a finitely generated free right R-module, it is projective. Therefore R is a right semihereditary ring. (e)⇒(a) Let M be any finitely generated projective right R-module and let 0 = ϕ ∈ End R (M ) be arbitrary. Since R is right semihereditary, Imϕ is projective ⇒ Kerϕ ≤ ⊕ M .
Note that (d)⇔(e) in Theorem 3.6 was also proved by Small in a conceptual manner, using different arguments.
As a consequence of Theorem 3.6, we obtain a characterization of Prüfer domains in terms of the Rickart property for finitely generated free (projective) right Rmodules. 2 in R P (a i ∈ R and s i / ∈ P ). Since Mat 2 (R) is a right Rickart ring, a 1 R +a 2 R is a projective right R-module. So a 1 R + a 2 R is R-isomorphic to a direct summand of R (2) . Hence
P . Thus, a 1 R P + a 2 R P is projective as a right R P -module, so it is invertible. Hence
2 R P = a 1 R P + a 2 R P is a principal ideal by Theorem 59 in [16] . Inductively, we obtain that every finitely generated ideal of R P is principal. Hence by Theorem 63 in [16] , the localization R P is a valuation domain for each prime ideal P of R. Therefore R is a Prüfer domain (see Theorem 64, [16] ).
Note that in Part (b) of Corollary 3.7, k ≥ 2 is required. For k = 1 we have the example of the commutative domain Z[x] (obviously a Rickart Z-module), which is not a Prüfer domain.
We also obtain the following characterization of a Prüfer domain R in terms of the Summand Intersection Property for finitely generated free (projective) right R-modules.
Corollary 3.8. Let R be a commutative domain. Then the following conditions are equivalent:
(a) every finitely generated free (projective) right R-module has the SIP; (b) the free R-module R (k) has the SIP for some k ≥ 3; (c) the free R-module R (3) has the SIP;
Proof. Implications ( 3) as R (3) has the SIP. Therefore Kerψ ≤ ⊕ R (2) by modularity. Thus, a 1 R + a 2 R is a projective right R-module. So a 1 R + a 2 R is R-isomorphic to a direct summand of R (2) . Using the arguments as in the proof of Corollary 3.7((d) ⇒(e)), we obtain that R is a Prüfer domain.
The next example shows a commutative domain R for which the free module R (2) has the SIP yet R is not a Prüfer domain. Thus, by Corollary 3.8 R (3) does not have the SIP. In this case, R (2) is not a Rickart R-module as well.
, which is not a Prüfer domain. Let M = (R⊕R) R . If (g, h)R and (g , h )R are two proper direct summands of R ⊕ R for g, g , h, h ∈ R, then by simple calculations we can show that either (g, h)R ∩ (g , h )R = (0, 0) or (g, h)R = (g , h )R. Thus M has the SIP but R ⊕ R ⊕ R can not satisfy the SIP as a Z[x]-module by Corollary 3.8. Furthermore, let N = R R . By Example 2.11 we know that M is not N -Rickart. Thus, by Theorem 2.6 M is not a Rickart Z[x]-module. (Example 2.28, [18] ). As a consequence of Theorem 3.6, the next result partially extends Theorem 3.5 of [22] . Corollary 3.10. R is a left Π-coherent ring and every finitely generated free Rmodule is Rickart iff every finitely generated free R-module is Baer.
Our next result provides a rich source of more examples of when the concepts of Rickart and Baer modules differ. Proposition 3.11. Let R be a right semihereditary ring which is not a Baer ring. Then every finitely generated free R-module is Rickart, but is not Baer.
Proof. This is easy to see from Theorem 3.6.
In Example 2.18, the ring R exhibits a right semihereditary ring which is not Baer. Definition 3.12. A ring R is said to be right n-hereditary if every n-generated right ideal of R is projective. Proposition 3.13. The following conditions are equivalent for a ring R and a fixed n ∈ N: (a) every n-generated projective right R-module is a Rickart module;
Let M be an n-generated projective right Rmodule. There exists a surjective homomorphism ϕ : R (n) → M . As M is projective, M is isomorphic to a direct summand of R (n) . Since R (n) is a Rickart R-module, M is a Rickart module. The equivalences between (b) , (c) and (d) are easy to check.
Corollary 3.14. Let M be a retractable module. Then M (n) is a Rickart module iff End R (M ) is a right n-hereditary ring for a fixed n ∈ N.
In general, a module M (n) may be Rickart but M (n+1) may not be Rickart as the next example shows. We remark that a right n-hereditary ring also may not be a right (n + 1)-hereditary ring, in general. In Example 3.9, while Z[x] is a right 1-hereditary ring, it is not a right 2-hereditary ring. The following example is due to Jøndrup (see Theorem 2.3, [14] and [22] ). Example 3.15. Let n be any natural number, K be any commutative field, and let R be the K-algebra on the 2(n + 1) generators X i , Y i (i = 1, · · · , n + 1) with the defining relation
Then R is a right n-hereditary ring but not a right (n+1)-hereditary ring. Thus, R (n) is a Rickart R-module by Proposition 3.13, but R (n+1) is not a Rickart R-module.
Recall that a module M is said to have
It is known that direct summands of a module with D 3 condition inherit D 3 condition. It is easy to see that D 3 condition is dual to the C 3 condition. The next lemma appears to be known. We include its proof for the convenience of the reader. Proof. Suppose M has the SIP with C 3 condition. Since the SIP implies D 3 condition, we need to show that M has the SSP: Let N 1 and N 2 be direct summands of M .
Conversely, since the SSP implies C 3 condition, it remains to show that M has the SIP: Let N 1 and N 2 be direct summands of M . Consider
The last equivalence follows from Theorem 2.3 in [12] .
Recall that R is a von Neumann regular ring iff Mat n (R) is a von Neumann regular ring for every n ∈ N (Theorem 1.7, [13] ).
Lemma 3.17. The following conditions are equivalent for a ring R:
(a) R is a von Neumann regular ring; (b) the free R-module R (2) has the SIP with C 3 condition; (c) the free R-module R (2) has the SSP.
Proof. (a)⇒ (b) Suppose that R is a von Neumann regular ring. Since Mat 2 (R) = End R (R (2) ) is a von Neumann regular ring, R (2) is a Rickart R-module with C 2 condition by Theorem 1.10. Since C 2 implies C 3 condition, (b) holds. (b)⇒(c) follows from Lemma 3.16. (c)⇒(a) Suppose R (2) has the SSP. Hence, the image of every homomorphism ϕ ∈ Hom R (R, R) ∼ = R is a direct summand of R (see Proposition 1.4, [12] ). Thus, R is a von Neumann regular ring.
Theorem 3.18. The following conditions are equivalent for a ring R: (a) every finitely generated free (projective) right R-module is a Rickart module with C 2 condition; (b) every finitely generated free (projective) right R-module is a Rickart module with C 3 condition; (c) the free module R (k) is a Rickart module with C 2 condition for some k ∈ N; (d) the free module R (k) is a Rickart module with C 3 condition for some k ≥ 2; (e) the free module R (2) is a Rickart module with C 3 condition; (f) R is a von Neumann regular ring.
Proof. Proof. Let M (n) be a finite direct sum of copies of M for any n ∈ N. It is easy to see that S = End R (M ) is a division ring (Corollary 4.11, [18] ). Therefore Mat n (S) ∼ = The semiprimary condition in Corollary 3.23 (d) is not superfluous as next example shows.
Example 3.24. Z is a non-semiprimary right hereditary ring. Z (R) is a Rickart Z-module which is not a Baer Z-module (Remark 2.28, [18] ).
A ring R is said to be a right V -ring if every simple right R-module is injective. R is said to be an SSI-ring if every semisimple R-module is injective.
Recall that a module M is said to be finitely cogenerated if, for every set A of submodules of M , ∩A = 0 implies ∩F = 0 for some finite F ⊆ A, while M is said to be subdirectly irreducible if the intersection of its nonzero submodules is nonzero. Note that every subdirectly irreducible module is finitely cogenerated. Proof. Note that R is an SSI-ring iff R is a right noetherian, right V -ring (Proposition 1, [8] ). The equivalence holds true by Theorem 3.25.
